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Abstract
The gravity-driven spread of ﬂuids with a free surface can be strongly inﬂuenced by solidiﬁcation of the ﬂuid when it experiences
heat loss from its surface and is cooled below its solidiﬁcation temperature. Examples of interplay between heat loss, solidiﬁca-
tion and ﬂow are found in lava ﬂows, which take on many morphologies depending on the ﬂuid properties and ﬂow conditions.
Laboratory experiments with viscous polyethylene glycol wax and yield-strength slurry ﬂows under cold water have been useful in
rationalising observed morphological types in terms of dynamical regimes depending on cooling rate and extrusion rate. Scaling
analyses have also achieved some success in predicting the spreading rates of solidifying ﬂows on both a horizontal ﬂoor and a
sloping plane.
c© 2014 The Authors. Published by Elsevier B.V.
Peer-review under responsibility of Indian Institute of Technology, Hyderabad.
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1. Introduction
When a free surface ﬂow suﬀers suﬃcient heat loss from its surface, some of the ﬂuid can begin to solidify. Further
gravity-driven spread of the ﬂuid can be strongly inﬂuenced by the solidiﬁcation. Indeed the heat loss, solidiﬁcation
and ﬂow are all inﬂuenced by each other, as is seen in lava ﬂows, which exhibit many diﬀerent shapes and appearances,
or ﬂow morphologies1,2,3,4. These morphologies presumably depend on the ﬂuid properties and ﬂow conditions,
including the rate of heat loss from the free surface. Laboratory experiments have utilised ﬂuids such as viscous
polyethylene glycol wax1,2,5 and yield-strength wax-kaolin slurries6,7,8,9 ﬂowing under cold water to explore the range
of behaviour and, taken together with scaling analyses, have been useful in rationalising the observed morphological
types in terms of a set of dynamical regimes. For releases onto a planar base and a given type of rheology, the regimes
reduce largely to a dependence on cooling rate versus volume ﬂux1,2,4,5, despite the complexity of the ﬂow. Scaling
analyses using highly simpliﬁed descriptions of the ﬂow have also achieved some success in predicting the shape and
rate of advance of solidifying ﬂows on a sloping plane, and the formation of downslope channels10,11.
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For a viscous ﬂuid release onto a horizontal planar ﬂoor, with cooling from the ﬂow surface, ﬂow morphology was
dominated by a thin folded thin crust at faster ﬂow rates and low cooling rates, or a series of rigid surface plates that
showed relative divergence at rift zones at intermediate ﬂow conditions, or a time sequence of extruding lobes (like
pillows) for relatively slow extrusions and rapid cooling. A dynamical regime of particular interest is that given by
a balance between buoyancy force (based on the reduced gravity gΔρ/ρ0) and the yield strength of the solidifying
surface crust1,2. This regime is based on the hypothesis that the crust as a whole has a Bingham-like rheology and
yield strength σc. This strength is not necessarily that of the unbroken solid, but instead we assume that the deformed
or broken pieces of solid crust act together, somewhat like a region of sand particles, to produce a yield strength. It is
also assumed that the leading edge of the ﬂow is some of the coldest material and crust thickness at any ﬁxed distance
behind the leading edge of the ﬂow grows with time t as (κt)1/2, where κ is the thermal diﬀusivity of the ﬂuid. For a
constant extrusion rate Q and radial spreading, the ﬂow height H was predicted to grow as
H ∼ [σc/(gΔρ)]1/2(κt)1/4, (1)
where g is the gravitational acceleration, Δρ is the density diﬀerence between the ﬂow and the surroundings and κ is
the thermal diﬀusivity in the ﬂuid.
This scaling proved consistent with laboratory results. It is also consistent with measurements of the growth of four
real lava domes in active volcanoes, where domes grow over periods up to several years4. Interestingly, the height
of the ﬂow is predicted to be independent of the extrusion (volume release) rate. In contrast the height of isothermal
ﬂows, where basal shear stress governs the rate of spreading (independent of whether the released ﬂuid is viscous or
plastic), is larger for larger Q. The diﬀerence is a result of solidiﬁcation aﬀecting less of the ﬂow (a thinner crustal
boundary layer) at larger volume release rates. Moreover, if the strength of solidifying crust governs the spreading,
the ratio of height to radius of the ﬂow (as each grows larger in time) is H/R ∼ (QR)−1/3, which is the inverse of the
dependence on Q for viscous ﬂows8,12, for which H/R ∼ Q1/4/R.
In the case of a continuous release at constant volume ﬂux into a narrow sloping channel, two distinctly diﬀerent
ﬂow regimes are found: a ‘tube‘ regime in which solidiﬁcation of the ﬂow surface creates a stationary roof while melt
continues to ﬂow through a relatively well insulated tube beneath, and a ‘mobile crust‘ regime in which a solid surface
crust develops only in the centre of the channel11,13. In the latter regime the crust is carried down the channel, separated
from the walls by crust-free shear regions in which cooling produces only dispersed fragments of solid owing to the
eﬀects of shearing. Thermal convection driven by surface cooling takes place in organised rolls that have axes aligned
with the shear ﬂow, and transition between the two ﬂow regimes occurs when the parameter (tsUo/Ho)(Ra/R)1/3
reaches a critical value, where ts is a timescale for the onset of surface solidiﬁcation, Ho and Uo are the ﬂow depth
and centreline surface velocity in the absence of solidiﬁcation, Ra is a Rayleigh number and R is a constant. In the
‘tube‘ regime, the solid crust eﬀectively insulates the ﬂow, which can therefore carry lava for much larger distances
before it cools14. However, experiments also show that crust formation/disruption in channels is sensitive to local
changes in ﬂow surface velocity generated by irregularities in the channel15. When the ﬂuid has a yield-strength,
qualitatively similar behaviour is found, with regime transition displaced toward smaller volume ﬂuxes and slower
cooling rates16,17.
In the case of a rapid release of a ﬁxed volume of ﬂuid (a dam break release) in a simple straight channel with a
horizontal ﬂoor18, two end members are predicted to be isothermal Bingham ﬂows, where the uniform and constant
interior yield strength σ0 determines ﬁnal ﬂow length, and solidifying ﬂows, where the formation of a solid crust
of strength σc signiﬁcantly larger than σ0 dictates the ﬁnal length. For Bingham ﬂuids larger yield strengths σ0
bring the ﬂow to a halt at shorter lengths. For cooling ﬂows smaller surface solidiﬁcation times (faster heat loss
or initial temperature closer to solidiﬁcation temperature) lead to smaller runout lengths and emplacement times.
Between these extremes the interior yield strength control progressively gives way to cooling control as either σ0 or
surface solidiﬁcation time ts is decreased (where ts is a surface solidiﬁcation timescale calculated for heat transfer
from a semi-inﬁnite half-space of stationary ﬂuid). Thus interior yield strengths greater than a critical value reduce
the run-out distance of cooling ﬂows, and small solidiﬁcation timescales reduce the runout distance of Bingham
ﬂows. Experiments on a horizontal channel ﬂoor show that the ﬁnal length and emplacement time is controlled by
solidiﬁcation if the ﬂow has tsσ0/η < 10, while interior yield strength control applies for ﬂows with tsσ0/η > 10,
where η is the Bingham viscosity.
Complete solutions are available for isothermal, non-solidifying ﬂows, both viscous19 and plastic20,21, on a sloping
plane. Scaling also indicates that solidifying ﬂows on a slope, if governed by a balance of buoyancy and crust strength,
 Ross W. Griths and Ross C. Kerr /  Procedia IUTAM  15 ( 2015 )  165 – 171 167
Fig. 1. An image of a laboratory ﬂow on a 5.6◦ slope as seen looking up-slope from above the lower end of the slope. This case illustrates two side
levees of solidiﬁed PEG conﬁning a central channelized ﬂow down slope on which the solid crust is carried while being deformed.
will have the same thickness as (1) at small times, before the slope modiﬁes the radial spreading10. At large times,
when the ﬂow extends more downslope than across-slope, the same expression applies but with gravity replaced by
g cos θ, where θ is the slope angle from the horizontal. However, solidiﬁcation leads to reduction in across-slope
spreading and stronger conﬁnement of the ﬂow by levees to a channel directed downslope from the point of release.
Here we summarise scaling solutions and laboratory experiments with solidifying ﬂows of an initially viscous ﬂuid
on a sloping plane.
2. Spreading and solidiﬁcation on a slope
2.1. experiments
The experiments were carried out in a 1m wide, 1.5m long sloping, rectangular box ﬁlled with cold water (as
described in Kerr et al. 10). At the up-slope end wall a small sluice gate controlled the inﬂow of PEG wax from a small
lock, which was continuously fed with PEG at a constant rate, and a known temperature, from an overhead tank. At
the lower end of the box the ﬂoor fell vertically away to a much deeper section such that there could be no upstream
communication from ﬂow beyond the break in the ﬂoor. The ﬂows were laminar, with Reynolds numbers of 0.2 - 70.
The ﬂoor was covered with black sandpaper of approximately 0.5mm roughness, which was found to be suﬃcient
to prevent the solidiﬁed wax around the leading edges of the ﬂow from sliding along the ﬂoor, as it did on a smooth
acrylic ﬂoor. Temperatures of wax and water, and wax volume ﬂux, were monitored. Measurements of ﬂow width
and length were taken from digital images.
Figure 1 shows one example of a ﬂow viewed from the lower end of the slope. Figure 2 shows the large time
structure for diﬀerent ﬂow rates. The liquid PEG is clear while solidiﬁed wax is white. In each case the ﬂows begin
as a gravity current spreading nearly radially from the sluice gate. Solidiﬁcation begins around the leading edge of
the gravity current and the amount of solid increases with time. For slower release rates or lower water temperatures
(faster solidiﬁcation rates) solid wax occurs more quickly and becomes thicker compared to faster releases or warmer
ambient water. Faster inﬂow tends to keep the current axisymmetric until it is larger, whereas slow inﬂows are aﬀected
by the bottom slope and become elongated downslope before much volume has been released. Fast solidiﬁcation tends
to inﬂuence the spreading before the ﬂow is inﬂuenced by the sloping ﬂoor. However, even in this case, with the solid
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Fig. 2. Planview images of experiments on a 5.6◦ slope and four diﬀerent release ﬂow rates Q. The smallest ﬂow rate (top image) produced a
narrow channel near the source, and then formed ‘tubes’ roofed with rigid crust further down the slope. Higher ﬂow rates produced wider channels
near the source, and down slope channel ﬂows with mobile rafts of solid crust. (Taken from Kerr et al. 10)
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crust inhibiting spreading and building the ﬂow thickness, downslope spreading eventually proceeds in a channel
bounded by levees of solidiﬁed PEG. The strength of the side levees halts further spreading across the slope. Thus
there is scope for a number of ﬂow regimes depending on bottom slope, volume inﬂow rate and solidiﬁcation rate.
The half-width of the channel ranged from a = 60–270mm.
Within the downslope channelized ﬂow there is behaviour similar to that previously reported for ﬂow in a long,
narrow tank15,13. The surface of the river between the levees tends to solidify, leading to either a thin crust that is
easily deformed by the ﬂow (forming wrinkles and ropey structures, or more rigid rafts of solid) and carried down the
channel, or a complete, stationary roof of solid wax that allows the warmer liquid to ﬂow through an insulating tube
beneath.
2.2. Theoretical analysis
Our scaling analysis of spreading on a slope10 is built on the same simplifying assumptions used in the earlier
analysis of spreading on a horizontal ﬂoor. It provides solutions for ﬂow width, thickness and velocity, and predicts
a number of regimes. We consider the various possible force balances between buoyancy force and viscous stress
on the base or the retarding force due to crust strength around the leading edge of the ﬂow, or the interior ﬂuid yield
strength, and solve the force (momentum) balance together with continuity. We assume that the Pe´clet number is large
(Pe = UH/κ  1, where U is the surface ﬂow velocity and κ is the thermal diﬀusivity of the ﬂuid) so that the cooling
and solidiﬁcation are conﬁned to a thin surface boundary layer.
In particular, the viscous ﬂow at small times is predicted to spread both down and across the slope at the same rate,
before undergoing a transition to a long-time regime strongly aﬀected by the slope of the ﬂoor, at time
T ∼
[
μ3 cos5θ
Q(gΔρ)3
] 1
4 1
sin2θ
. (2)
where θ is the bottom slope from horizontal and μ is the coeﬃcient of viscosity. The transition to crust strength control
(from basal shear stress control) can occur either before the ﬂow is aﬀected by the slope or after this transition.
Cross-slope ﬂow is eventually stopped by the yield strength of the growing surface crust and all volume ﬂux is
accommodated in a channelized down-slope ﬂow of constant width. As an example of the predictions, if transition to
crust control occurs at a time tec  T , lateral spreading continues in the long-time regime until the further transition
time19
tlc ∼
[
(gΔρ)6Q8μ12 cos14θ
σ18c κ9 sin8θ
]1/13
. (3)
At tlc, the half-width a of the ﬂow is a measure of the ﬁnal channel half-width:
a ∼
[
(gΔρ)2Q7μ4 cos9θ
σ6cκ3 sin7θ
]1/13
, (4)
where σc is again the eﬀective crust yield strength. Smaller channel widths are predicted for larger slopes, smaller
ﬂow rates, smaller viscosities, smaller density diﬀerences and smaller gravitational acceleration.
In the experiments with large slopes (θ = 5.6◦, 8.3◦ and 8.5◦), channel formation should have occurred in the long-
time viscous ﬂow regime. To test the predicted width (4), a is plotted against the parameter b = (g2Δρ2Q7μ4 cos9θ sin−7θ)
1
13
in Figure 3. The data collapse reasonably well onto a common curve and there is little diﬀerence between experiments
with a rough base and those with a smooth base. We also see that a is not proportional to b, indicating that the crust
strength is not constant among these experiments. From (4), order of magnitude estimates of σc can be obtained using
σc ∼
[
(gΔρ)2Q7μ4 cos9θ
a13κ3 sin7θ
] 1
6
. (5)
The estimated yield strengths increase systematically with Pe´clet number (from about 20 Pa to 60 Pa as Pe increases
from 10,000 to 130,000), and this is also consistent with the results of our experiments for small slopes and previous
work with a horizontal ﬂoor8, where it was suggested that this eﬀect might be due to enhanced advection of surface
crust to the ﬂow front at higher Pe. Alternatively, the variation of crust strength might be due to the crust being
weakened by the slow dissolution of PEG into the water at lower ﬂow rates and longer advection times.
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Fig. 3. Channel half-width a versus b = (g2Δρ2Q7μ4 cos9θ sin−7θ)
1
13 for the experiments on large slopes (θ = 5.6◦, 8.3◦ and 8.5◦), where channel
formation occurred in the long-time ﬂow regime. The experiments had either a smooth base (solid circle) or a rough base (solid square).
3. Conclusions
The gravity-driven spread of liquids while they are solidifying as a result of surface heat loss proves to be a complex
process for which there are many dynamical regimes. Laboratory experiments with polyethylene glycol wax (a simple
viscous ﬂuid in the liquid phase) and PEG-kaolin slurries (a yield strength ﬂuid in the liquid phase) have shown that
the dynamical and morphological regimes are primarily governed by the relative rates of ﬂow (or ﬂuid release) and
solidiﬁcation. Solidiﬁcation rate depends on both surface heat transport and the degree to which the liquid must be
cooled before it solidiﬁes, whereas the ﬂow rate depends on factors such as supply volume ﬂux, buoyancy force,
ﬂuid viscosity and yield strength, and slope of the ﬂoor. Theoretical scaling using highly simpliﬁed parameterisations
for the formation of a thin surface crust of solid and its eﬀective strength provides useful solutions that successfully
predict the ﬂow dimensions as a function of time and the transitions between a variety of diﬀerent ﬂow regimes, some
in which the ﬂow is controlled by the ﬂuid properties and other regimes in which spreading is governed by the strength
of the developing solidiﬁed parts of the ﬂow.
Future progress could involve improvements to the current very simple and crude descriptions of the growth,
rheology and deformation of the surface crust and levees. As the ﬂows of interest largely have very large Peclet
number, the thermal boundary layer and the solidifying subset of this boundary layer are thin compared to the depth
of the ﬂow. When the cooling of interest is at the free surface, the solidiﬁed material can be deformed by the ﬂow,
and morphological instabilities can substantially modify the structure of the ﬂow. The eﬀective rheology of the cooled
regions and the consequent retarding forces are therefore diﬃcult to predict. Here we have taken simple hypotheses
in order to arrive at analytical predictions that can be tested by experiments.
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